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Abstract—In this paper we present a framework to efﬁciently
characterize the available operational ﬂexibility in a multi-area
power system. We focus on the available reserves and the tie-line
ﬂows. The proposed approach is an alternative to the current calculation of the available transfer capacity (ATC), as it considers
location and availability of reserves, transmission constraints, and
interdependencies of tie-line ﬂows between different areas, while
it takes into account the
security criterion. The method
is based on computational geometry using polytopic projections.
It requires only a limited amount of information exchange and
does not need central coordination. The method has two versions:
a passive approach, and an active approach where neighboring
areas can share reserves. In that respect we also introduce the term
“exportable ﬂexibility”. Case studies demonstrate the improved
tie-line utilization, especially if reserves are shared, and the visualization beneﬁts.
Index Terms—Computational geometry, inter-TSO coordination, operational ﬂexibility.

I. INTRODUCTION

P

OWER systems in Europe, as well as in other parts of
the world, are undergoing fundamental changes. First,
increasing shares of ﬂuctuating renewable energy sources
are connected to the network. Second, electricity markets are
becoming larger covering wider areas. In Europe, for example,
regional markets are merged towards a common European energy exchange [1]. These developments result in more frequent
power ﬂow changes and higher power transfers which stretch
over longer distances. Substantial network reinforcements are
often essential to accommodate such ﬂows and ensure power
system security [2]. However, long licensing procedures for
building new lines, increased public opposition and high investment costs call for additional measures to tackle the emerging
problems. Besides building additional lines, ﬂexibility in
power system can be achieved by fast-reacting power sources,
ﬂexible loads, and a better utilization of the transmission line
infrastructure. This paper will focus on the computation of the
cross-border transmission line limits, to increase power system
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ﬂexibility and account for the contribution of ﬂexible resources
in neighboring areas to deal with contingencies occurring
in the area in question. In order to properly account for the
interdependencies between cross-border available transmission
capacities and the ﬂexible resources in each area, a centralized
computation seems as the most straightforward approach.
Transmission system operators (TSOs), as for example in
Europe, are currently operating the control reserves in different
control areas mainly independently and without coordination.
It should be noted, nevertheless, that ﬁrst steps towards an
improved coordination have been taken in countries such as
Germany where the procurement and operation of reserves of
the four TSOs has been merged. Furthermore, the establishment
of bodies such as TSC, a cooperation initiative between thirteen
European TSOs, and CORESO, which acts as a coordination
service center with the objective to enhance the level of security of supply in Europe, are further initiatives addressing the
aforementioned challenges in the European context.
Numerous deﬁnitions of ﬂexibility exist [3]. For the scope of
this paper we deﬁne operational flexibility as follows:
Definition 1: The operational ﬂexibility of a system is the
ability of the system to react to a disturbance sufﬁciently fast
in order to keep the system secure. A disturbance can either be
a component outage, e.g., a line, generator, or a deviation of
power injection, e.g., due to forecast errors.
Main sources of ﬂexibility are generation sources, which are
usually contracted to provide regulating energy (spinning reserves) or are able to be redispatched sufﬁciently fast (manual
reserves). Besides generation however, switching operations,
demand response, electricity storage, and the power ﬂow controllability of new components such as HVDC lines can also
provide a signiﬁcant source of ﬂexibility (for HVDC, see, e.g.,
[4]). A metric to quantify available operational ﬂexibility in
terms of available energy, power capacity and up- and down
ramping is for example introduced by the authors in [5].
Flexibility in a power system's context has been discussed
in various publications. For example, the authors of [6] present
a polytope-based method in order to represent the operational
limits over time. The aggregation of multiple units can be found
as a Minkowski summation as long as no transmission constraints are imposed. In [7] a method to estimate the probability
of insufﬁcient ramping capabilities is presented and [8] tries to
optimize the ﬂexibility of a generation mix.
In this paper we focus on the coordination of ﬂexibility between TSOs and on inter-TSO ﬂows. Envisioned is an operation paradigm, where TSO A communicates the boundaries of
allowed power ﬂow deviations on the tie-lines to TSO B, taking
into account the available reserves in its own area. TSO B can
use this information when it needs additional ﬂexibility: for example, it can deviate from the agreed tie-line ﬂows, knowing
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Fig. 1. Two-area system.
Fig. 2. MIMO system.

that TSO A will be able to act correctively to handle any contingencies occurring in area A from the tie-line ﬂow change. At
the same time, TSO B communicates the calculated boundaries
for the tie-line ﬂow deviations to TSO A, taking into account the
available reserves in area B. In this way, TSO B guarantees that
it can take the necessary control actions which will ensure a secure operation in TSO A's control area. Both such actions deal
with ﬂexibility offered to the neighboring area in order to ensure a secure power system operation. Therefore we introduce
and deﬁne the term exportable flexibility:
Definition 2: The exportable ﬂexibility, is the operational
ﬂexibility originating in a control area that can be used by neighboring control areas. In essence, exportable ﬂexibility corresponds to the amount of reserves that one TSO is able to offer
to the neighboring TSO transmitting it over the tie-lines.
In Section VI, the range of exportable ﬂexibility is quantiﬁed.
The main contributions of this paper are threefold: First, ﬂexibility metrics in literature are determined focusing mainly on
ﬂexibility of units, while no transmission constraints are assumed within or between control areas, i.e., “copperplate approach”. Limited transmission capacity leads to ﬂexibility availabilities that are different in different locations in the grid. We
present a method for multiple areas taking into account the interand intra-area transmission constraints and their interdependencies. The metric used in this paper could possibly be used to extend other metrics such as in [5]. Further, the metric in this paper
only describes the available ﬂexibility that can be activated by
suitable control actions at certain points in the grid, in terms
of available power. It does not give an indication of whether
this available ﬂexibility is adequate, for instance, if the ramping
capabilities are sufﬁcient [7]. Second, the approach is decentralized, not requiring any central coordination, i.e., the TSOs
exchange the relevant information bilaterally. Therefore, it can
be applied to the current operation paradigm. Third, exploiting
spatial information about the contracted reserves, i.e., assuming
that the TSO knows the location of the contracted reserves in
its area, we show that the tie-line utilization can be improved
compared with the current usual calculation of the Available
Transmission Capacity (ATC). The ATC currently reﬂects the
maximum tie-line ﬂow which can be exchanged between two
areas, without leading to any contingencies to any of the two
areas. The ATC calculation is conservative, as it has no spatial
information about the location of the reserves and always assumes the worst case.
The method is based on computational geometry and has several advantages and features. First, through the use of polytopic projections, only the limits on the interconnecting power
ﬂows are communicated between the TSOs. No explicit information pertaining to potentially conﬁdential data, such as the
grid topology, committed generators or reserve availability need
to be exchanged. Taking further advantage of computational geometry techniques, the proposed method also allows a straightforward visualization of the resulting ﬂexibility metric.

In the method, we distinguish between two alternatives:
an active approach, where corrective control measures are
allowed, and a passive approach, where no corrective control
measures are used. Both approaches consider spatial information concerning the nodes to which power will be injected, and
the corresponding anticipated power ﬂow changes. The passive
approach leads to a set of possible combinations of power ﬂow
deviations on the tie-lines without causing congestions. The
active approach extends the passive approach by enabling the
sharing of reserves between the control areas. Therefore the
range of possible tie-line ﬂows is larger, as we assume that
if TSO B incurs changes to the tie-line ﬂows between areas
A and B, TSO A is able to carry out the necessary corrective
control actions in area A to avoid any contingencies. The
tie-line utilization for reserve operation compared to current
ATC calculation is therefore improved.
The remainder of this paper is structured as follows: In
Section II we deﬁne the problem. In Section III we formulate the equations describing the available ﬂexibility and in
Section IV we build the ﬂexibility sets for the active and
passive approach. Section V presents the proposed method for
computing the limits on the deviations of the tie-line ﬂows.
The performance of this method is investigated in a case study
in Section VI. Section VII concludes the paper and gives an
outlook for future research.
II. DEFINITION OF THE PROBLEM AND APPROACH
In this paper, we consider a power system, divided in two control areas where tie-lines (AC and DC) form the interconnection
between the two neighboring areas. For brevity and clarity we
focus on two control areas. The generalization to more than two
areas is presented in Section V-C. Fig. 1 shows the two control
areas and . Each area is assumed to be controlled by an individual TSO. The power ﬂows on the tie-lines are inﬂuenced
by the unit commitment and dispatch in both regions.
The method should provide the limits on the tie-lines considering the limits of ﬂexible resources in area A which could assist
area B in case of a disturbance, and vice-versa.
As shown in Fig. 2, control area A can be further abstracted
as a system with multiple inputs and multiple outputs (MIMO
system). We distinguish between external sources and internal
sources. External sources are inputs that can directly be inﬂuenced by neighboring areas such as ﬂows on tie-lines or HVDC
interconnections. Internal sources are controlled locally, e.g.,
generation units within area A. This MIMO system is subject
to constraints, such as intra-area transmission capacity limits
and generation capacities. Internal sources can provide remedial
measures to correct the impact of external sources, e.g., avoid
overloading of transmission lines.
Ultimately, the goal of this work is to ﬁnd the set of allowed
setpoint combinations of external sources, for which possibly
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needed corrective control measures are available, such that all
the operational constraints are satisﬁed.
III. QUANTIFICATION OF FLEXIBILITY
The available ﬂexibility depends on the current system state,
i.e., the dispatch. We assume that the dispatch is given, i.e., the
generation units are injecting active power at setpoints given
by the vector
such that the demand
is covered and
operational constraints are respected. The net injections per bus
lead to power ﬂows
that have to remain
within transmission limits
.
This could be considered as the outcome of a market operation. In order to guarantee a secure operation, the
security
criterion is commonly used to make sure that the outage of a
single element does not lead to a blackout. The given dispatch
is required to fulﬁll the
criterion.
A. Power Flows Per Area and

-Notation

We split the system into two control areas as in Section II and
distinguish for every control area the contribution to the power
ﬂows caused by internal sources and external sources.
As shown in (1), the power ﬂows can be split into scheduled ﬂows
and deviations
. The scheduled ﬂows are
based on a given generation dispatch, which could for example
be considered as the result of a market clearing. They are calculated using the full AC power ﬂow equations. The deviations
are determined using the power transfer distribution factor
(PTDF) matrix. The PTDF matrix describes the sensitivity
of a speciﬁc power ﬂow
on line with respect to a change
of the net power injection
, i.e., the difference between
total generation and the total load at bus . In order to maintain
the active power balance, the corresponding power is extracted
at the reference bus [9]. The PTDF matrix for the considered
area can be split into
where the indices denote the inﬂuence of
internal sources and for
external sources on
the power ﬂows of the considered area.
The net bus injections can be split into injections from
internal and injections from external sources:
and further, they can be split into the
scheduled power injections
and deviations , i.e.,
.
Altogether, the power ﬂows are written as
(1)
The selection of the sensitivity approach is motivated by different reasons. First, the deviations are assumed comparably
small compared to the total power ﬂows, as the considered time
interval ranges from 15 min to 1 h. As a result, PTDFs are assumed to be valid local approximations around the scheduled
power ﬂows. Second, the linearized power ﬂow equations are
widely used in practice. This helps maintain our problem linear
which is beneﬁcial in different aspects, e.g., the integration in
optimization problems. There are different ways to account for
larger deviations. In practice, several TSOs would set lower
power ﬂow limits to ensure that the solution of the linearized
equations is feasible. Another approach is to evaluate the feasibility of the proposed remedial action by using the full AC
power ﬂow equations. In [10], we proposed linear current distribution factors based on the full AC power ﬂow equations. If

3

we aim for increased accuracy, the approach proposed in this
paper could easily be extended to use current distribution factors, account for the tie-line current limits, and approximate the
(apparent) power ﬂow deviations of the ﬂexible sources.
For given scheduled ﬂows, we can quantify the remaining
transmission capacity for each line until a constraint becomes
binding. The remaining transmission capacity is calculated as
the difference to the capacity, i.e.,
and
, respectively.
The allowed changes in the power output at every bus
are given by the allowed changes to the schedule, i.e.,
and
, respectively.
are
vectors with the maximum changes to the operation setpoint
of the generators that the TSO is allowed to make within a
speciﬁc timeframe, e.g., 15 min. These changes could either
be available manual reserves or redispatch measures. The variables
incorporate possible dead times and ramping
limitations of the redispatched units.
For the remainder of this paper, we only consider the deviations of the setpoints in the vectors
and the corresponding
limits written in the -notation, i.e.,
and
.
In the next step we quantify the ﬂexibility by formulating the
limits on possible combinations of deviations of internal and external sources. The resulting inequality constraints will be combined in a set that we refer to as flexibility set.
B. Constraints for Nominal Operation
We consider ﬁrst the constraints that have to be satisﬁed
during normal operation, i.e., without any outages. We refer to
this as the N-secure case. The deviations of the net injections
have to be within the allowed changes of the power ﬂow on the
transmission lines:
(2)
The changes of the bus injections have to meet the generation
capacities. is a unity matrix:
(3)
The power balance has to be fulﬁlled, i.e., the sum of the deviations has to be zero. We can rewrite every equality constraint
by two inequality constraints. is a row vector of ones:

(4)
C.

Security Constraints

In the
secure case we consider additional constraints
for every single line outage and generation unit outage using the
generalized generation distribution factor (GGDF) [11] and line
outage distribution factor (LODF) [9] matrices. GGDF gives
the changes of the line power ﬂows for an outage of a generation unit
. In this paper, it is assumed that the lack of
power is distributed on the remaining generators relative to their
total capacity. This could be interpreted as the obligation of primary control reserve provision. is the GGDF matrix where
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is the change on line for the outage of generation
unit that produced
before [11]. The LODF matrix gives
the changes of power ﬂows on the lines in the case of a line
outage. is the LODF matrix where
is the change of
line ﬂows on line when line , carrying
, trips [9]. This
adds additional constraints for every outage, but the number of
constrained variables is not increased. Usually most of the constraints are not binding and can thus be removed.
We consider every possible outage in the set of every single
generator :

IV. FLEXIBILITY SETS
The matrix inequalities above deﬁne a set which describes all
possible combinations of deviations that are feasible. This set is
referred to as the flexibility set. We formulate the ﬂexibility set
for an active and a passive approach as well as for the N and the
secure case, as will be shown below.
For the ﬂexibility set of the active approach, we allow generation units to adapt their operation point, i.e., the TSO uses
the ﬂexibility at his disposal in order to react on tie-line ﬂow
changes. For the ﬂexibility set of the passive approach the TSO
does not react on tie-line ﬂow changes.
A. Flexibility Set for Active Approach

Further, the line outages in the set

The matrices

and

(5)

The deviations of external sources together with a corresponding reaction of internal sources that are feasible form the
active flexibility set.
In the nominal case (Active/N):

(6)

(12)

are considered as

In the

are deﬁned as

secure case (Active/N-1):

(13)

(7)
denote the th column and the th row and
and
where
are the th and th column of the corresponding matrix.
D. Representation in Matrix Form
The constraints (2)–(6) can be written as a matrix inequality
of the form
. The matrix
relates to the internal sources and
to external sources. The limits are given
by the vector . The constraints in (2)–(4) represent the constraints for nominal operation. The equations can be compiled
to
(8)
security [(5),

Analogously, the constraints related to
(6)] are stacked to

and vector

B. Flexibility Set for Passive Approach
and
A special case of the active approach is when
thus the internal sources are not deviating from the setpoints,
i.e., the generation units are producing according to their initial
dispatch. We call this special case the passive approach, as the
resulting feasible deviations of the external sources do not lead
to any local congestions.
By setting
, the passive flexibility set in the nominal
case (Passive/N) becomes
(14)

(9)
The matrices

As the
criterion is incorporated via (5) and (6), the allowed
deviations are constrained such that an outage in the considered
region can happen without causing
violations.

In the

secure case (Passive/N-1):

are given by

(15)
This deﬁnes sufﬁcient margins on the transmission lines in
the case of an outage.
(10)

The matrices

and vector

are given by

(11)

V. METHODOLOGY AND APPLICATIONS
A. Methodology
The ﬂexibility set
deﬁnes the allowed deviations from
the current system state. In order to minimize the information
and conceal internal data, the desired outcome is a reduced set
of constraints only depending on the deviations of the tie-line
ﬂows, i.e., what combinations of setpoints for the external
sources are safe. In the examples to follow, by external sources
we always mean the tie-line ﬂows. Depending on the selected
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We use the Multi-Parametric Toolbox which implements the
Equality Set Projection algorithm the for the calculation of the
projections [12]. Due to the limited space in this paper, for more
information on the algorithm, the reader is referred to [13]. The
calculations presented in the case study are done within a computing time of around 10 s on a standard desktop computer. Future work will investigate the factors inﬂuencing the computing
time as well possibilities to reduce the problem complexity.
B. Example of Application
Fig. 3. Projection represents the feasible set for the external sources.

external input, there may be internal adaptation of generation
setpoints needed. To better illustrate the methodology, we consider the ﬂexibility set depicted as a blue polytope in Fig. 3 as
an example. The system considered consists of two external
sources, e.g., two tie-lines, and one internal, e.g., a generator
that can be redispatched.
Every feasible setpoint for external sources
is then given
by the red set, which is the projection of on the plane spanned
by the external sources. Thus, determining
is equivalent to
calculating the projection of on the dimensions related to the
external sources. Or in other words, a setpoint for the two external sources is feasible, if we can adjust the internal sources
such that the resulting operating point is within the ﬂexibility
set. In this example we consider only one internal source. In
the general case, the number of internal sources corresponds
to units that can be redispatched and the number of external
sources
relates to the number of tie-lines.
can be written
as

(16)
will differ between the active and the passive apArea
proach. The
of the passive approach is a subspace of the
of the active approach. As long as setpoint deviations are within
the set
of the passive approach, no congestions occur and
thus no redispatch is necessary. For deviations in the set of the
active approach, which are not in the passive set, the TSO has
to adjust the setpoints of selected generation units with respect
to the violated operational constraint.
The outcome of the projection is a linear matrix inequality
which spans the set of allowed combinations of deviations of the external sources. The number of rows of
is
problem dependent and the number of columns is . The linear
matrix inequality
is communicated to the neighboring TSO.
The information gives the neighboring TSO the bounds of possible tie-line ﬂow deviations but does not disclose potentially
conﬁdential data to the neighboring TSO, e.g., the generation
dispatch of the local control area.
As the polytopes , and , are bounded by half spaces, i.e.,
by linear matrix inequalities, the resulting polytopes are always
convex. This property allows to directly integrate the bounds
in a linear optimization problem as well as it guarantees that
we can move from one feasible operating point inside the polytope to another feasible point through a direct path and always
staying inside the feasible space.

The information
could be exchanged between the
TSOs on a regular basis, e.g., every 15 min, or every hour after
the market clearing, or event-based, e.g., when the tie-line ﬂows
change substantially. The exchange could happen bilaterally between the TSOs or over a centralized data exchange. It should
be noted, that the TSO of every area controls the amount of his
(manual) reserves and redispatch capabilities he shares with the
neighboring TSOs by including only the offered reserves in the
calculation of the ﬂexibility set. We brieﬂy sketch below an example how the information could be used.
We consider TSO B who needs to perform a redispatch, e.g.,
due to inaccurate windfarm forecasts. As TSO B has the information about the possible tie-line ﬂows, he can directly incorporate this information in his redispatch optimization, i.e., the
inequality
. In the case of the passive approach, TSO B
can guarantee that TSO A will not face congestions as long as
TSO B conforms to the deviation limits of the tie-line ﬂows. In
the case of the active approach, TSO B can also partially shift the
balancing task to TSO A, which will redispatch part of its generation resources. TSO B would have to notify TSO A about the
expected tie line ﬂow changes. Due to the inherent linear modeling of power ﬂows in the ﬂexibility set, the calculated ﬂows
might differ from the physical ﬂows for large deviations on the
tie-lines. Therefore, it is recommended to conﬁrm the feasibility
of the proposed remedial action by TSO A using the full power
ﬂow equations. The power ﬂow calculation could possibly be
done in a distributed way.
TSO A would need to be ﬁnancially compensated for providing this service. The incurred ﬁnancial compensation is outside the scope of this paper and is subject of future work.
C. Generalization to Multi-Area
Power ﬂows in a control area might be inﬂuenced not only
by direct neighboring areas but also by actions taken in control
areas further away. This inﬂuence becomes even more important when more HVDC interconnections over longer distances
are in operation. In this section, we sketch how the described
method can be extended to more than two control areas. The iterative algorithm, consisting of four steps, considers
TSOs,
where every TSO is responsible for a control area. The iteration
is denoted by .
1) Every TSO calculates the projection of the current ﬂexibility set . In the ﬁrst iteration, the ﬂexibility set consists
only of the constraints (2)–(15):
(17)
2) The sets
are exchanged between control areas that are
connected via a tie-line or a HVDC interconnection. The
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data exchange can take place bilaterally or via a centralized
exchange platform.
3) Every TSO adds the constraints from the neighboring
TSOs in the ﬂexibility set. The ﬂexibility set for TSO ,
which has
neighbors can be written as

..
.

..
.

..
.

Fig. 4. Illustration of Graph with three TSOs. The algorithm needs a maximum
of 2 iterations in order for all TSOs to have all the relevant information.

(18)

from the neighbors that actually
Only the parts of
correspond to tie-lines between the two TSOs in question
are integrated.
4) The procedure is repeated for a given number of iterations.
By applying the algorithm in an iterative way, the information on limitations is distributed throughout the network. The
number of iterations needed is bounded by the maximum of
steps of shortest paths problem between all possible start and
end nodes in a graph where a node corresponds to a control area
and edges which represent the tie-lines. For the example shown
in Fig. 4, in the worst case the number of iterations needed is
equal to
.

Fig. 5. IEEE RTS96—two-area system. Area A: Buses 1xx. Area B: Buses
2xx.

VI. CASE STUDIES
We consider the IEEE RTS96 2 area system as depicted in
Fig. 5. Area A consists of buses 101 to 123 and area B of buses
201 to 223. The areas are interconnected by three tie-lines and
every area is controlled by an individual TSO. For the case study
the ﬂexibility set is computed for area A. The loading of the total
system is 5700 MW. For simplicity we assume that the TSOs are
allowed to redispatch every generation unit in the system.
In the following subsections, we compare the ﬂexibility sets
resulting from the active and the passive approach, with and
without the
security criterion, we calculate the exportable
ﬂexibility, we compare our approach to the ATC calculation,
and we investigate the impact of the permissible local power
deviations.
A. Comparison of Methods
Figs. 6 and 7 display the feasible sets of the tie-line deviations given by the resulting polytope
. In each ﬁgure,
the active (red) and the passive (green) approach are compared.
Fig. 6 shows the case when the
criterion is not considered and Fig. 7 when it is considered. The projections of the
feasible sets on the planes spanned by the coordinate axes are
shown as well. They represent the feasible combinations of two
out of the three tie-lines. In the passive approach, only two of
three tie-line ﬂows can be chosen as the third tie-line ﬂow has
to be such that the total power exchanged with the neighboring
areas remains constant. This is the reason why the polytope of
the passive approach is a plane in the 3-D space. For the active

Fig. 6. Result from the Passive (green plane) and Active Approach (red polytope) and corresponding projections on planes orthogonal to the axes. The
criterion is not considered.

approach, TSO A can support region B using redispatch measures and net energy can be exchanged between the areas. Thus
the feasible deviations deﬁne a larger set than for the passive
approach. The additional ﬂexibility of the active approach depends the allowed deviations of the power injections at the different buses. Thus, if the time for ramping is reduced, also the
set of the active approach reduces.
Fig. 8 compares the projections from tie-lines 113–215 and
123–217 for both approaches and
and N secure cases. We
ﬁnd the following properties:
•
, using either the passive or active approach: In order to guarantee the
security criterion,
a certain ﬂexibility is reserved.
•
, considering either the N or
secure case: The active approach always adds at least as
much ﬂexibility as the passive as generation units can be
redispatched.
•
holds as logical consequence
of the above. But in general it does not hold:
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TABLE I
RANGES FOR THE N-SECURE AND

Fig. 7. Result from the Passive (green plane) and Active Approach (red polytope) and corresponding projections on planes orthogonal to the axes. The
criterion is considered.

SECURE CASES

with the maximal possible deviation. On the other hand, this
maximal deviation is only feasible for a disturbance which results to tie-line ﬂow deviations in this speciﬁc way. We also observe that respecting the
security criterion limits further
the exportable ﬂexibility.
C. Tie-Line Utilization

Fig. 8. Comparison of allowed operational states for two tie-lines.

• The origin is always contained in all sets, as the current
operating state has to be a feasible solution.
The illustration of up to three tie-lines is convenient, as they
can be represented in 3D graphs. However, even for a larger
number of tie-lines, the visualization is feasible. One approach
is to project the ﬂexibility sets on combinations of two interconnections of interest. Such visualizations could provide valuable
information for example in a dispatch control room of a TSO.
B. Exportable Flexibility
In the introduction, we deﬁned the term Exportable Flexibility. This term can only be applied to the active approach,
as the passive approach provides ﬂexibility assuming no net
power exchange. The amount of ﬂexibility a TSO can provide
to its neighbors can be quantiﬁed in many different ways. In this
work, we provide the range of ﬂexibility that can be accessed by
a neighboring TSO. The lower bound of the range is determined
by the maximum possible positive and negative deviations that
is independent of the location of the disturbance, i.e., independent of the combination of deviations on the tie-lines. The upper
bound of the range is calculated as the maximum possible deviation within the given bounds .
For future research it would be interesting to investigate how
the exportable ﬂexibility can be transformed into a tradable
market product and what metric is most suitable to enable the
export of as much ﬂexibility as possible. The ranges for the
N-secure and
secure cases are given by the Table I.
We observe that the amount that can be shared independently
of the location of the disturbance is relatively limited compared

The available transmission capacity (ATC) indicates the remaining transmission capacity for transfers between two areas
[14]. The ATC is selected conservatively, considering numerous
possible transactions between two areas as well as a number of
relevant congestions [9], [15]. This is necessary as the locations
of buses involved in a transaction are generally not known. For
the active approach, however, the point of injection of reserves
is known and thus also the changes in power ﬂows can be anticipated. Therefore it is expected, that the active approach enables
a better tie-line utilization than the case with ATC.
In this case study we focus on the utilization of the tie-lines
and determine how much ﬂexibility can be imported and shared
for the active case compared with the ATC. It should be noted,
that the ATC itself does not quantify the amount of balancing
that the generation portfolio of region A can provide to region
B but quantiﬁes only how much can be transferred between the
areas from a grid perspective. In contrast, the metric determined
by the active approach in this paper incorporates both, transmission limits and balancing limits.
The possible power ﬂow deviations on the tie lines in the
direction from region to that do not exceed the ATC values
, both larger than zero, are given by the
polytope deﬁned by the inequalities

(19)
refers again to the ﬂow changes on the tie-lines connecting
areas A and B. The tie line ﬂow deviation per line cannot exceed
the remaining transmission capacity. The ATC from region A
to B as well as from B to A is 120 MW using the calculation
method in [15].
We consider two cases for the availability of ﬂexibility in
control area A:
• TSO A has full access to all generators in area A and can
redispatch them. In other words, after the market clearing
the remaining up and down capacities of the generation
units serve as reserves to TSO A (Fig. 9).
• TSO A uses only limited amount of the generating capacity
in area A. We assume that TSO A is willing to use the
manual reserves of only a single generator in area A to
support control area B (Fig. 10).
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Fig. 9. Comparison of ATC (blue) and resulting polytope of the active approach
(red, wired) for full redispatching capabilites in region A.

Fig. 11. Maximal possible deviations at buses in region B for active approach
(blue) and passive approach (red) and for comparison the ATC case (orange).
The upper ﬁgure is for a region B with low ﬂexibility (5%), the lower ﬁgure for
a region B with high ﬂexibility (25%). Positive values correspond to positive
deviations, i.e., additional injections, negative values to negative deviations, i.e.,
additional consumption or reduced production.
Fig. 10. Comparison of ATC (blue) and resulting polytope of the active approach (red, wired) for limited ﬂexibility available in region A. Parts, where
ATC polytope is exceeding the area of the active approach corresponds to combinations, where sufﬁcient transfer capacity but insufﬁcient operational ﬂexibility is available in region A.

Comparing the polytopes resulting from the active approach
for the two cases with the polytope for the ATC as shown in
Figs. 9 and 10, we observe that in the ﬁrst case, substantially
larger deviations are possible when the active approach is used.
But also in the case of limited ﬂexibility in area A, some tie-line
ﬂow deviations can be alleviated, that would exceed the calculated ATC. The reason for the improved utilization is the knowledge of the amount and location of available ﬂexibility and the
corresponding inﬂuence on the power ﬂows a TSO has for his
control area. We can conclude, that the active approach enables
a less conservative operation of the tie-lines without reducing
power system security. But the results of the active approach
also depend on the availability and location of ﬂexibility in region A.
It should be noted, that in the parts where the ATC polytope is
exceeding the area of the active approach, sufﬁcient ATC would
be available for transfers between A and B, but the needed redispatch capabilities in control area A would not be available.
D. Maximum Nodal Variations
In this section, we investigate how the proposed method can
mitigate the local deviations arising from for example forecast
errors of ﬂuctuating renewable energy sources such as wind or

PV. We therefore compare the maximum allowed disturbance
of every bus in the control area B for the following three cases:
• Passive approach: How large can the disturbance in area B
be, without causing a congestion in the neighboring region
A?
• Active approach: How large can the disturbance be, when
the TSO A helps to compensate the deviation using his
procured reserves in area A?
• ATC: For comparison we also consider the case, where
control area B can compensate its deviation not only with
its own reserves but also has access to reserves in control
area A. For the import/export, the ATC has to be respected.
For simplicity, we assume that the reserves in control area B
are given as a percentage of the dispatched units in B, e.g., if the
reserves are 5%, a generator dispatched with 100 MW provides
MW of reserves. In region A, the generation units can be
fully redispatched. We consider two cases: in the ﬁrst case, the
reserves are 5%, which corresponds to
MW, and in the
second case assume a highly ﬂexible system with 25%, which
corresponds to
MW of reserves in total. The ATC from
region A to B as well as from B to A is 120 MW using the
calculation method in [15]. The goal is not to provide absolute
values, but rather compare the relative changes for control areas
with high and with low inherent ﬂexibility. For simplicity, the
criterion is not considered for the methods and the ATC
calculation. Fig. 11 shows the resulting maximal deviations per
bus in area B. The possible deviations are different depending
on the bus, but the deviations can become the largest in the case
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of the active approach. It is obvious, that the deviations can
be larger when two areas share their reserves compared to the
passive approach. If area B is more ﬂexible, larger deviations
can be balanced and the dependence on TSO A is reduced.
VII. CONCLUSIONS AND OUTLOOK
This paper presented a framework for efﬁciently characterizing and coordinating available operational ﬂexibility between
TSOs. We therefore introduce the term “exportable ﬂexibility”,
which measures the ﬂexibility that one TSO can offer to its
neighbors. The proposed metric takes into account the amount
and location of the available reserves, as well as the associated inﬂuence on the tie-line ﬂows. The information about this
ﬂexibility is calculated through computational geometry and results in a linear matrix inequality that bounds all the feasible
tie-line ﬂow deviations. We distinguish between a passive approach, where TSOs are not expected to deviate from their generation schedule to relieve congestions in neighboring areas,
and an active approach, where corrective measures from neighboring TSOs are considered. The
security criterion is also
included.
Case studies compare the proposed approaches for different
system loadings. We show that the active approach enables
the export of substantially more ﬂexibility. Especially in the
case where the
criterion is considered, the increase in
the “exportable ﬂexibility” is between 240%–600% depending
on the system loading. The deviations the system can cope
with are substantially larger if ﬂexibility is shared between
two areas. This allows the incorporation of more intermittent
energy sources. A comparison with the ATC also shows, that
the active approach allows to improve the tie-line utilization.
Future work will focus on a pricing scheme for the exportable
ﬂexibility, i.e., pricing the redispatching measures offered to
alleviate deviation in neighboring regions. Further, examples
focussing on the generalization to more than two areas will be
presented.
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